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This study is a sequel to earlier studies [1] [2] performed at Aerojet Electronic Systems I Plant under a previous contract with the Office of Naval Research to account for the contribution of multiple scattering to microwave brightness temperature of sea ice and its snow cover. The application of the distorted Born approximation in conjunction with the strong fluctuation theory has led to calculated values for brightness temperatures in agreement with measurements from sea ice and its snow cover at frequencies below 37 GHz [3] [4] . However, at frequencies above 37
5 GHz, the distorted Born approximation overestimates the brightness temperature. This is due to the fact that the distorted Born approximation accounts only for the singly scattered field.
Physical and mathematical arguments given in [1] [2] showed that inclusion of higher order multiple scattering would lead to more reasonable values for the brightness temperature at higher frequencies where the multiple scattering is expected to be dominant.
An extension of the distorted Born approximation was carried out [1] to include higher order multiple scattering. Strong fluctuation theory was employed to derive a set of integral p equations describing the second moment of the multiply scattered field for a multi-layered anisotropic medium with planer interfaces. Various numerical considerations and the £ programming of these equations on a digital computer to obtain numerical results were left to a further study.
The present study addresses those numerical problems and describes results obtained from a computer program written to calculate brightness temperature of snow over ground. To 5 calculate emissivities based on the equations in [1] , a number of five-fold integrals (three to calculate second moments of the electric field and two to calculate the bi-static cross sections 3 from these second moments) needed to be evaluated in addition to solving a coupled set of integral equations. This is clearly a large numerical problem requiring extensive computer
!I
resources. Fortunately, it was found possible to perform two of these integrals analytically, thus reducing the problem to three-fold integrations and reducing the computational burden considerably. In addition, maximum use was made of symmetries in the kernels in order to simplify the integral equations to be solved.
To meet the objective of this study, Peake's formula is used in Sec.II to relate the brightness temperatures to the bi-static cross sections associated with the multiply scattered field.
Then the symmetry characteristics of the medium are employed to simplify the relation between the bi-static cross sections and the field second moment. The integral equations describing the field second moment are stated in Sec.IH. The equations contain kernels with triple integrals.
One integral is over the medium depth. The second integral is over the spectrum of the azimuthal wave number, and the third is over the difference between the heights of the Green's function source points. Analytic evaluation for the integral over the higher part of the azimuth wave number spectrum is performed. Also, the integral over the difference between the heights of Green's function source point is carried out analytically. The integrals over the lower part of the wave number spectrum and over the medium depth are carried out numerically.
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In Sec.IV, the procedures applied to solve the integral equations are described and some 3 limitations of those procedures are pointed out. Finally in Sec.V, numerical results for snow over a soil surface, illustrating the behavior of the brightness temperature as function of medium 3 depth for different radiometer frequencies and polarizations, are given. Those results are compared with corresponding calculations obtained via the distorted Born approximation.
5
In addition to the work explicitly contained in this report, the contract called for a critical review of chapters in a planned monograph on sea ice (subsequently published in 1992 by the
I
American Geophysical Union as" Microwave Remote Sensing of Sea Ice", edited by F. Carsey).
Two separate reviews, one for the preliminary draft of Chapter 10 (dealing with theory) and one *2 reviewing the preliminary draft of the monograph as a whole, were written and provided to the 5 editor during the course of preparation of the monograph. A discussion of this work is not included here.
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The geometry of the problem under consideration is shown in Fig. 1 , where the snowpack I is treated as an isotropic multi-layered medium with plane interfaces over a homogeneous half space. The homogeneous half space stands for the ground. Since there is no adequate 5 information about the physical temperature profile within the snowpack, the latter is assumed to be isothermal. Under this restriction the medium emissivity can be related to the random field bi-5 static cross sections through Peake's formula [3] ;
is the reflection coefficient, and I.,(I.,E), (q = v, h ) is the bi-static cross section of the random £ field in the T. direction with polarization a due to a plane wave propagating in k (0, ý) direction 5 exciting the medium. To examine the contribution of the multiple scattering to the brightness temperature we write the random field as
where , is the random field due to single scattering (distorted Born approximation), and ,
3
is the random field due to multiple scattering. Since the bi-static cross sections are proportional to the intensity of the scattered random field from (2) we obtain,
Accordingly the bi-static cross section can be written as
I
The first term in (4) 
B is the emissivity obtained via the distorted Born approximation (single scattering). 1
Then by adding the effect of the earth atmosphere to (5), the brightness temperature of the radiation leaving the earth surface at z = 0 in direction E. with polarization "a" is 
In (8) and (9) T. is the ground physical temperature and Ty(io) is the brightness I temperature of sky radiation. In this study the ground physical temperatures is taken to be I independent on 0 and +. The sky temperature is assumed to be a function of 0 only.
As we can see from (9), the contribution of multiple scattering to the brightness temperature depends mainly on the difference between the ground and sky temperatures. At microwave frequencies, the ground physical temperature is higher than the sky brightness temperature. Accordingly, the higher order multiply scattered field tends to reduce the brightness temperature. The reduction is proportional to the bi-static cross sections associated with the multiply scattered field.
Eq. (7) gives the brightness temperature at the earth surface. When this radiation is propagated through the atmosphere, it undergoes some modifications due to the atmospheric attenuation and emission. These effects can be accounted for following the same procedures reported in [2] .
S In (10), the bi-static cross sections are related the field second moment through the relation [1];
3 where symbol * denotes complex conjugate, the Fb.(k,,kz' ,z") is the kt element of the two
Here Ko is the quasi-static dielectric constant, K" [5] is random dielectric constant of the medium, S is the coefficient of the delta function part of the Green's function and C (IF' -r'l) is 5 the correlation function.
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Then by substituting (15) and (16) into (9) and performing the integration over d*, the contribution of the multiply scattered field to the brightness temperature can be written as
I
In (17) 
3 For an exponential correlation function with
the Fourier transform W' ( z',z" , k.,ky) can be written as
Substituting (20) into (18) then substituting the resultant in (17) with and letting z' = z, and
for a discussion of this transformation), the multiple I scattering contribution to the brightness temperature can be written as
where Re is the real part operator, and
IOU,.(zO)
I J du W'(I,4k,ky) exp(-f cL(z",O)d" ) X,+M 4.2(z7,c)-- J du W' (ký k.,ky) exp(-f0-(z" ,) dz") -zI+J(23)
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Here the functions a-,_ and A-are related to the Green's function and were discussed in 
Eqs. (22) and (23) give the multiply scattered field contribution to the brightness Itemperature for an isothermal snowpack. As we can see from (23) the brightness temperature over the snowpack surface is r,-lated to the field second moments within the snowpack. In the E following section the integral equations describing second moments of the multiple scattered field will be considered and its reduction to a form suitable for digital computer programming I will be investigated. 
where Ec-i. are the second moments of the coherent field when the exciting field is polarized in "a" direction, and
U where the subscripts (c4) are one of the pairs (pp), (0), (pz), or (zp). In (25),
U
In (26) and (27) 
where P, is a very large wave number. Then, by making use of the Green's function behavior for very large p, the second part of integration over p can be carried out analytically as shown in
IExplicit expressions for mi(z), m 2 (z), and m 3 (z) are given in [I]. In addition
I
Here the subscripted functions f are identical to the subscripted functions b defined in (26) and (27) except for the fact that the upper limit of the integration over p is bounded by p,
and the singularity is extracted from a.
3
A further simplification for the integral equations can be achieved if the integration of the subscripted functions over u is evaluated. This can be achieved by using the translational property of the Green's function tensor elements ( Appendix A) leading to; 
I where
E An implicit dependence of I* and Ipp on z has been suppressed in (35).
For the exponential correlation function given in (19), an explicit expression for I* can U be obtainied. fromn Appendix C as,
where
I The functions a(zj) are related to Green's function tensor and are defined in Appendix A.
S
Similar expressions can be written for 1r,. 
3
To transfer Eqs. (29) into a set of linear algebraic equations, the integration over p and over z, must be evaluated. Gaussian quadratures [6] will be employed here to evaluate the I integrals over p.
As for integrals over z, we let
3 where z, is the snow depth. Since the ground beneath the snow is homogeneous, the integration kernels vanish for any source point located below ;. Accordingly, the second part of integration I in (38) reduces to zero, and the lower limits of integration over z, in Eqs. (29) can be replaced by
The snow depth z. is divided into (N-1) equal increments of dz each. Then by applying the trapezoidal rule, the integration over dz in (29) turns into a summation. The trapezoidal rule is applied here because through this rule the source point of the Green's function can be located (z = z 1 ) and the discontinuity in ap. and a., at this point can be handled. (40) where I is the unit matrix and 
U U
Accordingly, the 3N algebraic equations resulting from (40) can be arranged as follows:
where A is a square matrix of order 3N. Its elements are related to the elements of the matrix U given in (42) through the following relation:
Eq. (43) is the matrix equation governing the second moment of the multiply scattered field. It may be solved by using either eigen value methods or a matrix inversion technique.
3 Since the eigen values technique requires more computer resources (memory and computing U time), only the matrix inversion techniques was considered in this study.
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According to matrix inversion technique we premultiply Eq. (43) 
3
(i) the operating frequency ( operating wavenumber k.), and
(ii) the snow depth.
U
The determinant has a maximum value equal to unity. This value occurs when either the operating frequency or the snow depth is equal to zero. In both cases, there is no scattering U occurring within the medium, and the elements of the matrix A reduce to zero. Increasing either the operating frequency or the snow depth leads to an increase of the multiple scattering
U (increasing elements of A).
The latter reduces the determinant until it reaches zero. In this case the operating frequency reaches a value equal to one of the medium resonance frequencies (eigen I values). For frequencies higher than that frequency, Eq. (45) gives nonphysical values for the I multiply scattered field. It may lead to a scattered intensity higher than the incident intensity or may give an intensity having negative values.
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Based on the above discussion, the solution in (45) Table I can be increased by increasing the snow density or reducing the upper limit of integration over p (p, in Eq. (29)). For values of P, greater than kC , total reflection occurs within the snow layer leading to a surface wave propagating along the layer interfaces.
The numerical limitations in solving the equation for the field second moments in the form discussed above were discovered rather late in the course of this work. Overcoming these restrictions will require significant modification in the FORTRAN program. Thus the examples
to be discussed in Sec. V of the report will not cover the full range of conditions of interest in 3 studying naturally occurring snowpacks.
The following paragraph will indicate some measures that can potentially be useful in extending the range of validity of the numerical calculations in future studies.
One method to increase the range of conditions for which a numerical solution is possible The equations discussed in the previous sections were used to calculate the brightness 3 temperature of snow at various frequencies and angles for particular snow conditions. These may be compared with the results obtained using the distorted Born approximation and reported
Uin [3] . Reference [3] also shows ranges of measured brightness temperatures at various E frequencies at a 500 angle of incidence obtained from satellite borne radiometers. 
3
Figs.2-4 show the substantial effect of including the multiple scattering terms in the brightness temperature computations at high frequencies. These effects increases as the I frequency increases from 37 GHz (Fig.2 ) to 50 GHz (Fig.3 ) to 91.6 GHz (Fig.4) as one would expect. Thus, for example, at an angle of incidence of 500 and horizontal polarization, the inclusion of multiple scattering reduces the computed brightness temperature compared to the I distorted Born approximation theory by 5.4K at 37 GHz to 12.1K at 50 GHz to 87.7K at 91.6
GHz. The corresponding decreases for vertical polarization are 4.2K at 37 GHz, 9.5K at 50 GHz, E and 63.4K at 91.6 GHz.
I I U
Another perspective on these results is obtained by examining emissivities. Again choosing an observation angle of 500 , the emissivities corresponding to Figs. 2 -4 are shown in Table II . It is clear that the distorted Born approximation emissivities reach a minimum between U 37 and 91GHz and then increase with increasing frequency. This characteristic behavior of the distorted Born approximation calculation is not observed in measured data and, in fact was the principal reason for looking at more complete theories such as the subject of this report. On the B other hand, with multiple scattering included, the emissivities decreases with increasing frequency. cm snow depth range. While tending to be high, the calculations fall within the measured range.
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However, the new multiple scattering theory yields brightness temperatures in the 244.1K to 227.3K range for vertical polarization in 5 to 12 cm snow depth interval. This is comfortably within the measured range.
In [3] , some discussion was devoted to the effects of non-uniformities such as a surface crust in the snowpack. At 37 GHz, non-uniformities in the snow structure were necessary in order for calculations with distorted Born approximation to match some of the low brightness i temperatures that were measured for horizontal polarization.
In particular, a model snowpack with a 1.5 mm surface crust with a density of 0.5 g/ cm 3 and a grain diameter d = 1 mm was assumed to cover an otherwise uniform snowpack with the parameters used above. When the 3 multiple scattering theory is applied to these conditions, the brightness temperature for a snow depth of 10 cm was found to be 195K for horizontal polarization. Extrapolating possible effects
to larger snow depths (recall the present limit to about 12 cm so that a direct computation is not 
The computations discussed in Sec. V show that a very great improvement in agreement
between the calculated and measured snow brightness temperatures is achieved when using the extension of the distorted Born approximation (multiple scattering) theory as compared to the I distorted Born approximation itself at frequencies above 30 GHz. This agreement is obtained without the arbitrary, ad-hoc parameter adjustments (often euphemistically called effective parameters) that are made in radiative transfer models and relies strictly on random media parameters that can be measured.
It is particularly gratifying that calculations at 91.6 GHz (near the SSM/I 85.5 GHz frequency and coinciding with the SSM/T-2 and SSMIS 91.6 GHz channels) using reasonable i snow parameters yielded brightness temperatures within ranges measured by the SSM/I for both horizontal and vertical polarizations. These values were much lower than those obtained by use U of the distorted Bom approximation. The latter were unreasonably high at 91.6 GHz.
Certain numerical difficulties (discussed in Sec.MV) were discovered which prevented the 3 computation of brightness temperatures with multiple scattering theory over the full range of snow depths, densities and radiometer frequencies of practical interest. Contract funds for exploring possible corrective actions were depleted when the problem came to light. However, possible strategies for overcoming this computational problem were discussed, and it is recommended that a follow on study be undertaken to resolve the problems. If these problems are 
